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ON THE NÖRLUND LOGARITHMIC MEANS WITH
RESPECT TO VILENKIN SYSTEM IN THE MARTINGALE
HARDY SPACE H1
L.-E. PERSSON, G. TEPHNADZE, P. WALL
Abstract. In this paper we prove and discuss a new divergence result
of Nörlund logarithmic means with respect to Vilenkin system in Hardy
space H1.
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1. Introduction
It is well-known that (see e.g. [1] and [5]) Vilenkin systems do not form
bases in the space L1. Moreover, there exists a function in the dyadic Hardy
space H1, such that the partial sums of f are not bounded in L1-norm.
In [10] (see also [13]) it was proved that the following is true:
Theorem T1: The maximal operator S˜∗ defined by
S˜∗ := sup
n∈N
|Sn|
log (n+ 1)
is bounded from the Hardy space H1 to the space L1. Here Sn denotes the n-
th partial sum with respect to the Vilenkin system. Moreover, it was proved
that the rate of the factor log(n + 1) is in a sense sharp.
Móricz and Siddiqi [6] investigate the approximation properties of some
special Nörlund means of Walsh-Fourier series of Lp functions in norm.
Fridli, Manchanda and Siddiqi [3] improved and extended the results of
Móricz and Siddiqi [6] to Martingale Hardy spaces. However, the case when
{qk = 1/k : k ∈ N+} was excluded, since the methods are not applicable to
Nörlund logarithmic means. In [4] Gát and Goginava proved some con-
vergence and divergence properties of Walsh-Fourier series of the Nörlund
logarithmic means of functions in the Lebesgue space L1. In particular, they
proved that there exists an function in the space L1, such that
sup
n∈N
‖Lnf‖1 =∞.
Analogical result for some unbounded Vilenkin systems was proved in [2].
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In [8] (see also [13]) it was proved that there exists a martingale f ∈
Hp, (0 < p < 1) such that
sup
n∈N
‖Lnf‖p =∞,
Here Ln is n-th Nörlund logarithmic means with respect to Vilenkin system.
In this paper we prove an analogical result for the bounded Vilenkin sys-
tems in the case when p = 1. Moreover, we discuss boundedness of weighted
maximal operators on the Hardy space H1.
2. Preliminaries
Let N+ denote the set of the positive integers, N := N+ ∪ {0}.
Let m := (m0,m1, . . . ) denote a sequence of the positive numbers not less
than 2.
Denote by
Zmk := {0, 1, . . . ,mk − 1}
the additive group of integers modulo mk, k ∈ N.
Define the group Gm as the complete direct product of the group Zmk
with the product of the discrete topologies of Zmk ‘s.
The direct product µ of the measures
µk ({j}) := 1/mk, (j ∈ Zmk)
is the Haar measure on Gm, with µ (Gm) = 1.
If sup
n
mn < ∞, then we call Gm a bounded Vilenkin group. If the gen-
erating sequence m is not bounded, then Gm is said to be an unbounded
Vilenkin group. In this paper we discuss bounded Vilenkin groups only.
The elements of Gm are represented by sequences
x := (x0, x1, . . . , xk, . . . ), (xk ∈ Zmk) .
It is easy to give a base for the neighbourhood of Gm :
I0 (x) := Gm,
In(x) := {y ∈ Gm | y0 = x0, . . . , yn−1 = xn−1}, (x ∈ Gm, n ∈ N).
Denote In := In (0) , for n ∈ N and
−
In := Gm\In.
The norm (or quasi-norm) of the spaces Lp(Gm) is defined by
‖f‖p :=
(∫
Gm
|f |p dµ
)1/p
(0 < p <∞) .
If we define the so-called generalized powers system based on m in the
following way:
M0 := 1, Mk+1 := mkMk (k ∈ N),
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then every n ∈ N can be uniquely expressed as n =
∞∑
k=0
nkMk, where nk ∈
Zmk (k ∈ N) and only a finite number of nk‘s differ from zero. Let |n| :=
max{k ∈ N : nk 6= 0}.
Next, we introduce on Gm an orthonormal system, which is called the
Vilenkin system. First define the complex valued functions rk (x) : Gm → C,
the generalized Rademacher functions, by
rk (x) := exp (2piıxk/mk) ,
(
ı2 = −1, x ∈ Gm, k ∈ N
)
.
Now, define the Vilenkin systems ψ := (ψn : n ∈ N) on Gm as:
ψn(x) :=
∞∏
k=0
rnkk (x) , (n ∈ N) .
Specifically, we call this system the Walsh-Paley one if m ≡ 2.
The Vilenkin systems are orthonormal and complete in L2 (Gm) (see e.g.
[1, 14]).
If f ∈ L1 (Gm) we can establish Fourier coefficients, partial sums, Dirichlet
kernels, with respect to Vilenkin systems in the usual manner:
f̂ (n) :=
∫
Gm
fψndµ, (k ∈ N) ,
Snf :=
n−1∑
k=0
f̂ (k)ψk, Dn :=
n−1∑
k=0
ψk, (k ∈ N) .
Let {qk : k ≥ 0} be a sequence of nonnegative numbers. The n-th Nörlund
mean for the Fourier series of f is defined by
tnf =
1
ln
n−1∑
k=0
qn−kSkf.
If qk = 1/k, then we get the Nörlund logarithmic means:
Lnf :=
1
ln
n∑
k=0
Skf
n− k , ln :=
n∑
k=1
1
k
,
The kernel of the Nörlund logarithmic means is defined by
Fn :=
1
ln
n∑
k=0
Dk
n− k .
In the special case when {qk = 1 : k ∈ N}, we get the Fejér means
σnf :=
1
n
n∑
k=1
Skf .
We define n-th Fejér kernel
Knf :=
1
n
n∑
k=1
Dk.
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Let f ∈ L1(Gm). Then the maximal function is given by
f∗(x) = sup
n∈N
1
|In (x)|
∣∣∣∣∣
∫
In(x)
f (u)µ (u)
∣∣∣∣∣ .
The Hardy martingale spaces H1 consist of all martingales for which
‖f‖H1 := ‖f∗‖1 <∞.
It it well-known (see e.g. [9] and [16]) that if f ∈ L1, then
(1) ‖f‖H1 ∼
∥∥∥∥sup
n∈N
|SMnf |
∥∥∥∥
1
.
A bounded measurable function a is a 1-atom if either a = 1 or∫
I
adµ = 0, ‖a‖∞ ≤ µ (I) , supp (a) ⊂ I.
3. Auxiliary propositions
The Hardy martingale space H1 (Gm) has an atomic characterization (see
[16], [17]):
Lemma 1. A function f ∈ H1 if and only if there exist a sequence (ak, k ∈ N)
of 1-atoms and a sequence (µk, k ∈ N) of real numbers such that
(2)
∞∑
k=0
µkak = f, a.e.,
where
∞∑
k=0
|µk| <∞.
Moreover,
‖f‖H1 ∽ inf
(
∞∑
k=0
|µk|
)
,
where the infimum is taken over all decomposition of f of the form (2).
In Blahota, Gát [2] the following lemma (see Lemma 5) was proved for
unbounded Vilenkin systems:
Lemma 2. Let qA =M2A+M2A−2 + ...+M0. If logmn = O(nβ), for some
0 < δ < 1/2, then
‖FqA‖1 ≥ c(log qA)β ,
for some 0 < β < 1− δ.
For the proof of main result we also need the following new Lemma of
independent interest:
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Lemma 3. Let Gm be a bounded Vilenkin system and qA =M2A+M2A−2+
...+M0. Then
‖FqA‖1 ≥ c log qA.
Proof. During the proof we use some method of Blahota, Gát [2] (see Lemma
5) and Gát, Goginava [4] (see Lemma 2).
Set
θn := lnFn =
n−1∑
k=1
Dn−k
k
.
Then we have that
θqA(x) =
M2A−2+...+M0−1∑
k=1
1
k
DM2A+M2A−2+...+M0−k(x)
+
M2A+...+M0−1∑
k=M2A−2+...+M0
1
k
DM2A+M2A−2+...+M0−k(x)
:= I + II.
We first discuss I. Since k < M2A−2 + ...+M0, then
DM2A+...+M0−k(x) = DM2A(x) + r2ADM2A−2+...+M0−k(x).
This gives that
I = lqA−1DM2A(x) + r2AGM2A−2+...+M0(x).(3)
Moreover, by using Abel transformation, we get that
II =
M2A+...+M0−1∑
k=M2A−2+...+M0
1
k
DM2A+M2A−2+...+M0−k
=
K1
M2A + ...+M0 − 1 −
(M2A + ...+M0 − 2)KM2A+...+M0−2
M2A + ...+M0 − 1
+
M2A+...+M0−2∑
k=M2A−2+...+M0
M2A +M2A−2 + ...+M0 − k
k(k + 1)
KM2A+M2A−2+...+M0−k.
Since (for details see e.g. [1]) ‖Kn‖1 ≤ 2, for all n ∈ N, we obtain that
‖II‖1 ≤
2
M2A + ...+M0 − 1 +
2 (M2A + ...+M0 − 2)
M2A + ...+M0 − 1(4)
+ 2
M2A+...+M0−2∑
k=M2A−2+...+M0
M2A +M2A−2 + ...+M0 − k
k(k + 1)
< c <∞.
Hence, by (3) and (4), we get that
‖θqA‖1 ≥
∥∥lqA−1DM2A + r2AθqA−1∥∥1 − c.
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We now discuss the right-hand side of this inequality, more exactly we
give a lower bound for it. First, we consider the integral on the set Gm \I2A:∫
Gm\I2A
∣∣lqA−1DM2A(x) + r2AθqA−1(x)∣∣dµ(x)
=
∫
Gm\I2A
∣∣θqA−1(x)∣∣dµ(x) = ∥∥θqA−1∥∥1 − ∫
I2A
∣∣θqA−1(x)∣∣dµ(x)
=
∥∥θqA−1∥∥1 − θqA−1(0)M2A .
Next, we note that on the set I2A we have that∫
I2A
∣∣lqA−1DM2A(x) + r2AθqA−1(x)∣∣dµ(x) = lqA−1 − θqA−1(0)M2A .
It follows that
(5) ‖θqA‖1 ≥
∥∥θqA−1∥∥1 + lqA−1 − 2θqA−1(0)M2A − c.
Moreover, according to simple estimation,
θn(0) =
n−1∑
k=1
n− k
k
= n
n−1∑
k=1
1
k
− n+ 1 = nln +O(n).
Therefore, since
qA−1 ≤M2A−2(1 + 1
4
+
1
16
+ ...) =
4
3
M2A−2 ≤ 1
3
M2A
we obtain that
(6)
2
lqAM2A
θqA−1(0) =
2qA−1
M2A
lqA−1
lqA
+ o(1) ≤ 2
3
lqA−1
lqA
+ o(1).
Finally, by using (5) and (6), we conclude that
‖FqA‖1 =
1
lqA
‖θqA‖1
≥ 1
lqA
∥∥θqA−1∥∥1 + lqA−1lqA − 23 lqA−1lqA − o(1)
≥ 1
lqA
∥∥θqA−1∥∥1 + 13 lqA−1lqA − o(1)
≥ 1
lqA
∥∥θqA−1∥∥1 + 16 − o(1)
≥ lqA−1
lqA
∥∥FqA−1∥∥1 + 16 − o(1)
≥ lqA−1
lqA
∥∥FqA−1∥∥1 + 18
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By iterating this estimate we get
‖FqA‖1 ≥
1
8
A−1∑
k=1
lqk
lqA
≥ c
8A
A−1∑
k=1
k ≥ cA ≥ c log qA.
The proof is complete. 
4. Formulation of the Main Results
Our main results read:
Theorem 1. Let Gm be a bounded Vilenkin system. Then there exist a
martingale f ∈ H1 such that
(7) sup
n∈N
‖Lnf‖1 = +∞.
Remark 1. In one point of view Theorem 1 of Blahota and Gát [2] is better
then our resut (see Theorem 1) because in their result boundedness of the
group Gm is not necessary and in the other point of view theorem of Blahota
and Gát is a slightly weaker since they construct function in the Lebesgue
space L1.
The next result can be found in [13] and [8], respectively:
Corollary 1. Let Gm be a bounded Vilenkin system. Then there exists a
martingale f ∈ H1 such that
‖L∗f‖1 = +∞.
Corollary 2. Let 0 < p < 1 and Gm be a bounded Vilenkin system. Then
there exists a martingale f ∈ Hp such that
‖L∗f‖p = +∞.
Theorem 2. a) Let Gm be a bounded Vilenkin system. Then the maximal
operator
∼
L
∗
f := sup
n∈N
|Lnf |
log (n+ 1)
is bounded from the Hardy space H1 (Gm) to the space L1 (Gm) .
b) Let ϕ : N+ → [1,∞) be a nondecreasing function satisfying the condition
(8) lim
n→∞
log (n+ 1)
ϕ (n)
= +∞.
Then there exists a martingale f ∈ H1 (Gm) , such that the maximal operator
sup
n∈N
|Lnf |
ϕ (n)
is not bounded from the Hardy space H1 (Gm) to the Lebesgue space L1 (Gm) .
Remark 2. Note that b) shows that the statement in part a) of Theorem 2
is in the sense sharp with respect to the logarithmic factor in (2).
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5. Proofs of the Main Results
Proof of Theorem 1. Let {αk : k ∈ N} be an increasing sequence of positive
integers such that
(9)
k−1∑
η=0
M2αη
α
1/2
η
<
M2αk
α
1/2
k
,
(10)
M2αk−1
α
1/2
k−1
< αk.
Since
αk →∞,
k−1∑
η=0
M2αη
α
1/2
η
→∞, M2αk
α
1/2
k
→∞, as k →∞
and all of three sequences are strightly increasing, we can construct lacunar
increasing sequence {αk : k ∈ N} of natural number N, for which
k−1∑
η=0
M2αη
α
1/2
η
<
M2αk
α
1/2
k
< αk+1.
We also note that under condition (10) we get that
M2αk−1 < αkα
1/2
k−1 ≤ α3/2k
and
(11)
∞∑
k=0
α
−1/2
k < α0 +
∞∑
k=0
1
M
1/3
2αk−1
< c <∞.
Similar consructions of martingales can be found in [10]-[13] (see also [7]).
Let
f (x) =
∞∑
k=0
λkak,
where
λk =
m2αk
αk
, ak =
1
m2αk
(
DM2αk+1 −DM2αk
)
.
From (11) and Lemma 1 we can conclude that f ∈ H1 (Gm) . It is easy to
show that
(12) f̂(j) =

1
α
1/2
k
, if j ∈ {M2αk , ..., M2αk+1 − 1} , k = 0, 1, 2...,
0, if j /∈
∞⋃
k=1
{M2αk , ..., M2αk+1 − 1} .
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We can write that
Lqαkf =
1
lqαk
qαk∑
j=1
Sjf
qαk − j
(13)
=
1
lqαk
M2αk−1∑
j=1
Sjf
qαk − j
+
1
qαk
qαk∑
j=M2αk
Sjf
qαk − j
=
1
lqαk
M2αk−1+1∑
j=1
Sjf
qαk − j
+
1
qαk
qαk∑
j=M2αk
Sjf
qαk − j
:= I + II.
Let j < M2αk−1+1. By combining (9) and (12) we get that
|Sjf | ≤
k−1∑
η=0
M2αη+1−1∑
v=M2αη
∣∣∣f̂(v)∣∣∣
≤
k−1∑
η=0
M2αη+1−1∑
v=M2αη
1√
αη
≤ c
k−1∑
η=0
M2αη√
αη
≤ c
k−2∑
η=0
M2αη√
αη
+
cM2αk−1√
αk−1
≤ 2cM2αk−1√
αk−1
.
Since
M2αk−1∑
j=0
1
qαk − j
≤
M2αk∑
j=M2αk−1
1
j
≤ logM2αk − logM2αk−1(14)
≤ log M2αk
M2αk−1
< c <∞
according to (10) and (14) we can conclude that
|I| ≤ 2c
αk
M2αk−1∑
j=0
1
qαk − j
M2αk−1√
αk−1
≤ c
αk
M2αk−1√
αk−1
< c <∞.
Hence,
‖I‖1 < c <∞.
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Let M2αk ≤ j ≤ qαk . Then we have that
Sjf =
k−1∑
η=0
M2αη+1−1∑
v=M2αη
f̂(v)ψv +
j−1∑
v=M2αk
f̂(v)ψv
=
k−1∑
η=0
M
1/p−1
2αη√
αη
(
DM
2αη+1
−DM
2αη
)
+
M
1/p−1
2αk√
αk
(
Dj −DM
2αk
)
.
This gives that
II =
1
lqαk
qαk∑
j=M2αk
1
qαk − j
k−1∑
η=0
1√
αη
(
DM
2αη+1
−DM
2αη
)
+
1
lqαk
1√
αk
qαk∑
j=M2αk
(
Dj −DM
2αk
)
qαk − j
:= II1 + II2.
Applying (9) in II1 we have that
‖II1‖1 ≤
1
lqαk
qαk∑
j=M2αk
1
qαk − j
k−1∑
η=0
1√
αη
∥∥∥DM
2αη+1
−DM
2αη
∥∥∥
1
≤ 1
lqαk
qαk∑
j=M2αk
1
qαk − j
∞∑
η=0
1√
αη
< c <∞.
Since
(15) Dj+Mn = DMn + ψMnDj , when j < Mn,
for II2 we obtain that
II2 =
1
lqαk
1√
αk
ψM2αk
qαk−1−1∑
j=0
Dj
qαk−1 − j
=
lqαk−1
lqαk
1√
αk
ψM2αkFqαk−1.
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Hence, if we apply Lemma 2 in the case when δ = 1/8 and β = 3/4 for
the sufficiently large k we can estimate as follows∥∥∥Lqαkf∥∥∥1 ≥ ‖II2‖1 − ‖II1‖1 − ‖I‖1
≥ 1
2
‖II2‖1 ≥
c
∥∥∥Fqαk−1∥∥∥1√
αk
≥ cα
3/4
k√
αk
≥ cα1/4k →∞, as k →∞.
The proof is complete. 
Proof of Theorem 2. It is obvious that
sup
n∈N
|Lnf |
log (n+ 1)
≤ 1
ln
n∑
k=0
1
(n− k)supk∈N
|Skf |
log (k + 1)
≤ sup
n∈N
|Snf |
log (n+ 1)
.
By using Theorem T1 we can conclude that∥∥∥∥sup
n∈N
|Lnf |
log (n+ 1)
∥∥∥∥
1
≤
∥∥∥∥sup
n∈N
|Snf |
log (n+ 1)
∥∥∥∥
1
≤ c ‖f‖H1 .
The proof of part a) is complete.
Under condition (8), there exists a positive integers {nk; k ∈ N+} ⊂
{λk; k ∈ N+} such that
lim
k→∞
nk
ϕ (qnk)
=∞.
Set
fnk = DM2nk+1 −DM2nk .
It is evident
f̂nk (i) =
{
1, if i =M2nk , ...,M2nk+1 − 1,
0, otherwise.
Then we have that
(16) Sifnk =

Di −DM
2nk
, if i =M
2nk
+ 1, ...,M2nk+1 − 1,
fnk , if i ≥M2nk+1,
0, otherwise.
From (1) and (16) we get that
‖fnk‖H1 < c <∞.
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It is easy to show that
Lqnkfnk =
1
lqnk
qnk∑
j=1
Sjfnk
qnk − j
=
1
lqnk
qnk∑
j=M
2nk
+1
Dj −DM
2nk
qnk − j
=
1
lqnk
qnk−1−1∑
j=1
Dj+M
2nk
−DM
2nk
qnk−1 − j
.
By applying (15) we find that∣∣∣Lqnkfnk ∣∣∣ = 1lqnk
∣∣∣∣∣∣
qnk−1∑
j=1
Dj
qnk−1 − j
∣∣∣∣∣∣ = lqnk−1lqnk
∣∣∣Fqnk−1∣∣∣ .
By now using Lemma 3 we can conclude that∫
Gm
∣∣∣Lqnkfnk ∣∣∣
ϕ (qnk)
dµ ≥
c
∥∥∥Fqnk−1∥∥∥
ϕ (qnk)
≥ cnk
ϕ (qnk)
→∞, as k →∞.
The proof is complete.
Acknowledgment: The author would like to thank the referee for helpful
suggestions, which absolutely improve the final version of our paper. 
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